Introduction
Magnetic suspension offers a number of practical advantages over conventional bearings such as lower rotating friction losses, high speeds, elimination of the lubrication, operation at temperature extremes and in vacuum, long life, and quiet operation. Magnetic bearings offer adaptable bearing damping and stiffness which come from the control action. System parameters can be designed to avoid resonance in the operating speed or for optimum damping through resonances. An electromagnet is inherently attractive because of the pole arrangement. The closed loop control algorithm acts to reduce the centering current and force, as the shaft approaches the bearing center. Similarly, the current is increased as the shaft moves away from the bearing center. This creates an effective stiffness of the bearing, tending to hold the shaft in a centered position. The force in the magnets acting on the shaft is produced by signals proportional to a combination of the shaft displacement and velocity, producing the desired values of stiffness and damping.
A fault-tolerant control seeks to provide continued operation of the bearing when its power amplifiers or coils suddenly fail. The fluxes in a heteropolar magnetic bearing are strongly coupled. The coil currents are selected to produce desired force resultants in the x and y directions. The control currents must be redefined in the case of single or multiple control coil failures in order to produce the same force resultants. The determination of this redistribution matrix of currents is the central objective in the following faulttolerant magnetic bearing analysis.
Lyons et al. ͓1͔ used a three control axis radial bearing structure with control algorithms for redundant force control and rotor position measurement. Therefore, if one of the coils fails, the control axis can be shut down while maintaining control. Fedigan et al. ͓2͔ reported a fault-tolerant digital controller designed to meet the demanding performance and reliability requirements of high-speed magnetic bearing applications. Maslen and Meeker ͓3͔ developed the bias current linearization method to accommodate the fault tolerance of magnetic bearings and showed that the redistribution matrix which linearizes control forces can be obtained even if one or more coils fail. The fault tolerant magnetic bearing system was demonstrated on a large flexible-rotor test rig ͓4͔.
Many researchers investigated load capacity of the magnetic bearing. Maslen et al. ͓5͔ presented an expression that describes a maximum bearing load. Bornstein ͓6͔ derived equations to express the dynamic load capacity. Rao et al. ͓7͔ showed that the stiffness capacity of a magnetic bearing can be described as a function of the ratio of dynamic and static loads. The present paper extends the preceding work of Maslen and Meeker by minimizing the flux density vector norm to reduce the possibility of pole material saturation and yields current distribution matrices that are effective even for the case of 5 poles failed.
Determination of Redistribution Matrices for Minimization of the Flux Density Vector Euclidean Norm
The equivalent magnetic circuit of an 8-pole heteropolar radial magnetic bearing with 8 independent control currents is shown in Fig. 1 .
Maslen and Meeker ͓3͔ developed equations from ͑1͒ to ͑4͒.
Magnetic forces can be then described as;
where
Maslen and Meeker ͓3͔ presented the necessary conditions for the bias current linearization for the fault-tolerant magnetic bearings, which are described as;
where 
Maslen and Meeker ͓3͔ suggested a method to obtain useful solutions to Eqs. ͑7͒ and ͑8͒. One of the criteria to decide which solution to use is to find the solution of T which minimizes the peak flux density, so the maximum load capacity should be obtained before the magnetic bearing saturates. Meeker ͓8͔ suggested that the Reduced Gradient method could give good solutions. Maslen et al. ͓4͔ reported that the greatest failures that this stator can tolerate are certain configurations involving four failed coils, and that it is not possible to realize the redistribution matrix with four adjacent coils failed.
An alternative optimization method to minimize the norm of B is presented in this paper. It is assumed that the orientation of the desired forces is fixed to and the rotor is at an arbitrary position, then the B is only a function of T . The cost function is;
Magnetic forces of Eqs. ͑3͒ and ͑4͒ are in the form of weighted Euclidean norm of the flux density vectors. The peak flux density may be reduced by minimizing the Euclidean norm of flux density vector. In this manner, the best solution T is what minimizes J(T ). Substituting Eqs. ͑2͒, ͑7͒, ͑8͒, ͑11͒, ͑12͒, ͑14͒, and ͑15͒ into Eqs. ͑3͒ and ͑4͒ leads to
Therefore, magnetic forces are completely decoupled and linearized even in case of failed control coils if the necessary conditions ͑7͒ and ͑8͒ are met with appropriate T . The basic problem is to obtain the T that satisfies min J͑T ͒
subject to the constraints;
Equations ͑19͒ and ͑20͒ can be rewritten in 18 scalar forms. Since G x and G y are symmetric, those 18 equations can be reduced to 12 equality constraint equations.
The Lagrange Multiplier method can be applied on the basic problem to solve for T that satisfies Eqs. ͑19͒ and ͑20͒. Define:
Partial differentiation of Eq. ͑37͒ with respect to t i and j leads to 3mϩ12 nonlinear algebraic equations to solve for t i and j .
A vector form of 3mϩ12 nonlinear algebraic equations is; Transactions of the ASME Equation ͑40͒ can be solved for t i and j numerically by any nonlinear algebraic equation solver. A nonlinear algebraic equation solver using a least square iterative method ͑MATLAB͒ was used to solve Eq. ͑40͒ numerically. Since the cost function is not convex and equality constraints are not affine, there may exist multiple local optima. Various initial guess of t and may be tested in order to find a better solution of T . Local minima are guaranteed and also global minimum can be obtained if an effective global minimum searching algorithm is used. The Jacobian matrix of F(t,) becomes increasingly poorly conditioned, as the algorithm converges on a solution. However, the algorithm can converge quite close to a valid T that satisfies Eq. ͑40͒ without the Jacobian becoming singular. Another feature of the Lagrange Multiplier method is that it introduces Lagrange Multiplier unknowns, , and makes the system of equations square ͑same number of equations and unknowns͒ for any failure case. In case of the 5 poles failed bearing, equality constraint equations have only 9 unknowns with 12 equations. It is then difficult to solve those equations directly. However, 21 nonlinear algebraic equations with 12 Lagrange Multiplier unknowns and 9 distribution matrix unknowns can be solved for t i and j .
Nonsingular T for the 5 poles failed bearing is nonexistent. For example, G x for 2-4-6-7-8th poles failed bearing is of full rank, and G y is a matrix of rank 2. G x is not congruent with M x . However, singular T that satisfies Eqs. ͑7͒ and ͑8͒ may exist. Maslen and Meeker ͓3͔ and Meeker ͓8͔ showed that the conditions for generating the two orthogonal arbitrary forces from the failed bearing are:
͑1͒ G x and G y should be indefinite. ͑2͒ There exists any T which satisfy Eqs. ͑7͒ and ͑8͒.
Hence T being nonsingular is not a requirement for realizing the desired forces. It is notable that the congruence relation is also not satisfied for failure cases other than the 5 poles failed case. For example, for the 4 poles failed case ͑3-6-7-8th poles failed͒ a pseudo-distribution matrix may be formulated as; 
should hold. T d 's do not affect the Eqs. ͑7͒ and ͑8͒. Since G x is a matrix of rank 4 and G y is a matrix of rank 3, a nonsingular T 1 does not exist. T 1 should be a matrix of rank 2 to satisfy Eqs. ͑42͒ and ͑43͒. Dummy variables T d 's can be truncated from T 1 to obtain the solution T .
Optimal Solutions of 8 Pole Heteropolar Magnetic Bearing
The 8-pole heteropolar magnetic bearing used in this analysis has uniform pole face area of 4.91ϫ10 Ϫ4 m 2 , a nominal gap of 0.001 m, and 200 turn coils. Equation ͑40͒ was solved numerically for some selected combinations of failure cases from 3 poles to 5 poles failure. Some of the example distribution matrices were excerpted from the previous works ͓3͔, and were compared with distribution matrices calculated by the Lagrange Multiplier method. 3mϩ12 nonlinear algebraic equations are solved for the T that minimizes flux density vector Euclidean norm. The flux density vector is described as;
Maslen and Meeker's T matrix for 6-7-8th poles failed magnetic bearing is shown in Eq. ͑45͒. 
Tϭ
The T matrix for 6-7-8th poles failed magnetic bearing by the Lagrange Multiplier method is shown in Eq. ͑46͒. 
Several local minima were found when various initial guess t and were tested. Equation ͑46͒ is the best solution among the solutions found. The global minimum searching method was not used in this analysis. One more Maslen and Meeker's T matrix for selected combination of 4-6-7-8th poles failed case is shown in Eq. ͑47͒. 
The T matrix for the 4-6-7-8th poles failed case calculated by the Lagrange Multiplier method is shown in Eq. ͑48͒. The T matrix for any combination of failed poles up to 4 out of 8 poles can be calculated by the Lagrange Multiplier method. For instance T for 4 adjacent poles failed ͑5-6-7-8th͒ is shown in Eq. ͑49͒. 

Though 5 poles fail, T can be calculated by the Lagrange Multiplier method except for two cases. T cannot be found if 5 adjacent poles are failed, or 4 adjacent poles and one more pole are failed. T for 2-4-6-7-8th poles failed case is shown in Eq. ͑50͒. 
If less than three currents are controlled, T cannot be found. These conclusions are based on the authors' experience with convergence of the solver. Calculated T matrices should satisfy Eqs. ͑7͒ and ͑8͒. Least square iterative algorithm converges to T that nearly satisfy Eqs. ͑7͒ and ͑8͒, before the Jacobian matrix of F(t,) becomes singular. Therefore, there exist some offdiagonal error terms in M matrices. Load capacity of the magnetic bearing with distribution matrices is calculated for 8 force directions. The load capacity of the fault-tolerant magnetic bearing can be calculated in a manner that the maximum component of B b should be set to b sat /2 by manipulating v b and then B x or B y is increased or decreased until B reaches b sat of 1.2 Tesla. Load capacity plots of the 4 failure cases are shown in Fig. 2 . For 6-7-8th coil failed case minimum load capacity occurs at x directions for both Meeker's solution and the Lagrange Multiplier solution. However, load capacity of the Lagrange Multiplier solution along positive y direction ͑opposite to gravity direction͒ is 12 percent larger than that of Meeker's. For 4-6-7-8th coil failed case minimum load capacity of 143 N occurs at negative y direction. Load capacities of 5-6-7-8th coil failed case and 2-4-6-7-8th coil failed case are also determined for the distribution matrices of Eqs. ͑49͒ and ͑50͒. Load capacity of the 2-4-6-7-8th coil failed magnetic bearing is reduced to 44 N along the negative y direction. However, it shows that even the 5 coils failed bearing still can support considerable amount of gravity load ͑up to 200 N of magnetic force along the positive y direction͒.
Determination of Linearized Forces for FaultTolerant Magnetic Bearings
Valid T matrix can both linearize and decouple the multiple poles failed magnetic bearing forces. The distribution matrix of voltages, which consists of a redefined biasing voltage vector and two control voltage vectors, can be implemented in the controller. The redistribution matrices for all failure cases can be implemented in a physical controller, so if some combinations of failures of the power amplifiers or coils are detected, the corresponding redistribution matrices can be switched at the same time.
Linearized forces are defined in terms of a bias voltage and two control voltages. Nonlinear magnetic forces are defined as; 
The nonlinear magnetic forces in Eqs. ͑51͒ and ͑52͒ can also be linearized about the bearing center position and the zero control voltages by using Taylor series expansion. 
The linearized force components in the right hand side of Eqs. ͑62͒ and ͑63͒ can be described as position stiffness and voltage stiffness. Position stiffness is described as;
The amplitudes of the current inputs for the fault-tolerant bearing are usually not uniform, so it is difficult to define current stiffness for the multiple poles failed bearing. Instead voltage stiffness is defined as:
The position stiffness and voltage stiffness are calculated for the distribution matrices of Eqs. ͑46͒, ͑48͒, ͑49͒, and ͑50͒ at the center position of the bearing. The bias voltage gains are adjusted for the distribution matrices so that the maximum component of the bias flux density vector should be equal to b sat /2. The calculated position stiffness and voltage stiffness and bias voltage gain are shown in Table 1 .
Since T is calculated for decoupled linearized forces, the crosscoupled voltage stiffness terms should be negligibly small for a valid T. However, there exist some cross-coupled position stiffnesses because the flux densities are unevenly distributed in case of the calculated distribution matrix for the multiple coils failed magnetic bearing. Figure 3 shows that the rotor is pulled to the right while levitating when the static load of 123 N is applied on the fault-tolerant magnetic bearing. Decoupled linearized magnetic forces are then described as; The linearized forces are used to design a control law so that the closed loop should be stabilized.
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A fault-tolerant magnetic bearing test rig with a horizontal flexible rotor was built at NASA Glenn. The flexible rotor has mass of 10.7 kg length of 0.69 m, and bearing location of 0.1235 m from the ends. A finite element model of the flexible rotor with 38 elements is shown in Fig. 4 .
The flexible rotor is discritized into a reasonable number of elements which consist of a series of massless beam elements and lumped mass and inertias. Palazzolo ͓9͔ shows a general n disc rotor model with cylindrical beam elements based on Euler's assumptions. The mass, polar moment of inertia, and transverse moment of inertia are halved and placed at each node. The equation of motion for the flexible rotor is then described as;
where M គ , G គ , and K គ represent mass, gyroscopic moment, and stiffness matrices respectively. External forces exerted on the system of equations are described as;
where F mag , F grav , and F u represent magnetic force, gravity force, and unbalance force vectors respectively. The first order form of the system of equations is:
or Table 1 The calculated stiffness for the fault-tolerant magnetic bearing 
A vector form of the magnetic bearing forces applied on the rotor system is described as;
where H is the 156ϫ4 matrix which assigns magnetic forces to the corresponding states. F x A , F y A , F x B , and F y B are the nonlinear magnetic forces for Bearing A and B. Substituting Eqs. ͑72͒ and ͑73͒ into ͑79͒ leads to;
The control voltages are described as;
where v sx (t), v sy (t) represent the sensor voltages. The sensor voltage vector is given as;
s is the sensor sensitivity. S is the 4ϫ156 matrix which assigns sensor target locations to the corresponding states. If sensors are collocated with magnetic actuators, S becomes H T . Substituting Eqs. ͑83͒-͑84͒ into ͑82͒ leads to;
Equation ͑78͒ then becomes;
The closed loop equation is:
The closed loop dynamics may be stabilized by increasing k p and k d until the control force overcomes the negative position stiffness. Furthermore, the closed loop bearing stiffness and damping can be adjusted by tuning PD controller gains, k p and k d ͓10͔. Rotor critical speeds and their corresponding dampings can be designed by tuning active bearing properties ͓11͔.
The first order form of the rotor system equation has 312 states. This will make the plant too large for simulation. Higher modes than 2000 Hz are rarely excited in the real world rotor system. Number of states in Eq. ͑74͒ is considerably reduced by using modal condensation. The first r modes of the system below 2000 Hz are selected and normalized as shown in Eq. ͑90͒.
rϫ1 modal state vector v defined as:
Modal equation of motion for the flexible rotor is then described as:
Simulations
Sensor dynamics and power amplifier dynamics are included in the closed loop path. Sensors have a sensitivity of 7874 V/m. A detailed outline of the fault-tolerant controller is shown in Fig. 5 . The 8-pole heteropolar magnetic bearing used in the test rig has uniform pole face area of 6.02ϫ10 Ϫ4 m 2 , a nominal gap of 5.08 ϫ10 Ϫ4 m, and 50 turn coils. Equation ͑40͒ was solved for the 5-6-7-8th and the 2-4-6-7-8th poles failed cases. The T matrix for the un-failed bearing is excerpted from the previous work ͓3͔ as shown in Eq. ͑97͒. 
The linearized forces of Eqs. ͑72͒ and ͑73͒ are obtained for the 5-6-7-8th poles failed at both bearings. Position and voltage stiffness, K pxx , K pxy , K pyy , and K vxx were Ϫ959640, 364350, Ϫ314430, and 0.9, respectively for v b of 0.9. This shows that position stiffness along the y direction is much smaller than position stiffness along the x direction. Control gains of k p and k d for unfailed operation are selected as 100 and 0.2 respectively. Control gains of k p and k d for 4 poles failed operation are 450 and 1.5 respectively. The transient response from normal operation with no failure to fault-tolerant control with 5-6-7-8th poles failed for both bearings was simulated for nonlinear bearings at 10,000 RPM. Unbalance eccentricity of 5.5 10 Ϫ6 m is applied at both rotor ends. A transient response orbit at bearing A is shown in Fig. 6 . The orbit plot shows that the rotor sags slightly because of gravity. The rotor drops further while maintaining stable orbits when the 4 poles suddenly fail. Transient response of the current inputs to bearing A for 5-6-7-8th poles failed case is shown in Fig. 7 . Transient response of the flux densities in Bearing A is shown in Fig. 8 .
The linearized forces are also obtained for the 2-4-6-7-8th poles failed at both bearings, and control gains of k p and k d are selected as 180 and 0.4 respectively. The position and voltage stiffness, K pxx , K pxy , K pyy , and K vxx were Ϫ1928400, 0, Ϫ385670, and 0.9, respectively for v b of 0.9. The transient response from normal operation to fault-tolerant control with 2-4-6-7-8th poles failed for both bearings was also simulated for nonlinear bearings at 10,000 RMP. Transient response of the orbit at bearing A is shown in Fig.  9 . Transient response of the current inputs to bearing A for the 2-4-6-7-8th poles failed case is shown in Fig. 10 .
Spikes occur when the 5 poles are suddenly failed. However, currents can be stabilized with time. It is interesting to note that control current level is considerably increased after the failure while the rotor drops further down. Therefore, the load capacity is clearly reduced after the failure. If k p is increased, the rotor will be lifted; however, this may saturate the power amplifier or magnetic bearing ͑whatever comes first͒ and limit the benefit of increasing the proportional gain. Transient response of the flux densities in Bearing A is shown in Fig. 11 . This shows that the effects of increasing off-diagonal error terms in M x and M y barely affect the response, though maximum load capacity is reached. Steady state rotor whirling response after 5 coils are failed for both bearings are shown in Fig. 12. 
Conclusions
General linearized magnetic forces for the heteropolar magnetic bearing are calculated with a fault-tolerant control scheme using a bias linearization method. Any one of the coil currents affects the flux in all of the air gaps. If one or more coils fail, a new coil current control scheme can be constructed which preserves the linear relationship between the required forces and coil currents. The calculation of a redistribution matrix of voltages which consists of a redefined biasing voltage vector and two control voltage vectors can be optimized in a manner that minimizes the flux density vector Euclidean norm. An elegant optimization method using a Lagrange Multiplier approach is presented in this paper. The redistribution matrix T is calculated with the Lagrange Multiplier method and compared with Maslen and Meeker's solutions. It is shown that T by the Lagrange Multiplier method has better performance in terms of reducing peak flux density. The desired control forces can be realized up to certain combination of 5 poles failed for the 8 pole magnetic bearing. Previous treatments of this problem in the literature yielded successful control only up to selected 4 failed poles for an 8-pole bearing. The position and voltage stiffness are derived from the fault-tolerant bearing and used for designing the closed loop control system.
